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Semilinear wave equation on compact Lie groups
Alessandro Palmieri
Abstract
In this note, we study the semilinear wave equation with power nonlinearity |u|p on compact Lie
groups. First, we prove a local in time existence result in the energy space via Fourier analysis on
compact Lie groups. Then, we prove a blow-up result for the semilinear Cauchy problem for any p > 1,
under suitable sign assumptions for the initial data.
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1 Introduction
Let G be a compact Lie group and let L be the Laplace – Beltrami operator on G (which coincides with the
Casimir element of the enveloping algebra). In the present work, we prove a blow-up result for the Cauchy
problem for the semilinear wave equation with power nonlinearity, namely,
∂2t u−Lu = |u|
p, x ∈ G, t > 0,
u(0, x) = εu0(x), x ∈ G,
∂tu(0, x) = εu1(x), x ∈ G,
(1)
where p > 1 and ε is a positive constant describing the smallness of Cauchy data.
Throughout the paper Lq(G) denotes the space of q – summable functions on G with respect to the
normalized Haar measure for 1 6 q < ∞ (respectively, essentially bounded for q = ∞) and for s > 0 and
q ∈ (1,∞) the Sobolev space Hs,q
L
(G) is defined as the space
H
s,q
L
(G)
.
=
{
f ∈ Lq(G) : (−L)s/2f ∈ Lq(G)
}
endowed with the norm ‖f‖Hs,q
L
(G)
.
= ‖f‖Lq(G) + ‖(−L)
s/2f‖Lq(G). As customary, the Hilbert space H
s,2
L
(G)
will be simply denoted by Hs
L
(G).
For the classical semilinear wave equation in Rn it has been proved that the critical exponent is the
positive root pStr(n) of the quadratic equation (n− 1)p
2 − (n+ 1)p− 2 = 0, which is the so – called Strauss
exponent, named after the author of [15]. For a detailed overview and a complete list of references on the
proof of the Strauss’ conjecture we refer to the introduction of [17].
In the not – flat case, the semilinear wave equation has been studied in many Lorentzian metrics such
as Schwarzschild spacetime [1, 8], de Sitter spacetime [18, 20, 19, 5, 3] and Einstein – de Sitter spacetime
[6, 11]. In the present work, we will consider the case of semilinear wave equations in compact Lie groups,
which seems to be an almost unexplored topic in the literature, up to the knowledge of the author.
By employing Fourier analysis for compact Lie groups, the local well – posedness of the semilinear
Cauchy problem (1) in the evolution space C([0, T ], H1
L
(G))∩ C1([0, T ], L2(G)) will be proved. In particular,
a Gagliardo – Nirenberg type inequality recently proved in [14] will be used in order to estimate the power
nonlinearity in L2(G).
Finally, we will prove the nonexistence of globally in time defined solutions to (1) for any p > 1 and
regardless of the size of initial data, provided that the data fulfill suitable sign assumptions.
1.1 Main results
Let us get started stating the local existence result for the semilinear Cauchy problem (1).
Theorem 1.1. Let G be a compact, connected Lie group. Let us assume that the topological dimension n
of G satisfies n > 3. Let (u0, u1) ∈ H
1
L
(G) × L2(G) and let p > 1 such that p 6 nn−2 . Then, there exists
T = T (ε) > 0 such that the Cauchy problem (1) admits a uniquely determined mild solution
u ∈ C
(
[0, T ], H1L(G)
)
∩ C1
(
[0, T ], L2(G)
)
.
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Remark 1. The upper bound assumption for the exponent p in Theorem 1.1 is made in order to apply a
Gagliardo – Nirenberg type inequality proved in [14, Remark 1.7]. The restriction n > 3 is made to fulfill
the assumptions for the employment of such inequality as well and it can be avoided by looking for solutions
in weaker spaces than the one in the statement of Theorem 1.1, i.e., in C([0, T ], Hs
L
(G))∩ C1
(
[0, T ], L2(G)
)
for some s ∈ (0, 1).
We introduce now a suitable notion of energy solutions for the semilinear Cauchy problem (1).
Definition 1.2. Let (u0, u1) ∈ H
1
L
(G)× L2(G). We say that
u ∈ C
(
[0, T ), H1L(G)
)
∩ C1
(
[0, T ), L2(G)
)
∩ Lploc ([0, T )×G)
is an energy solution on [0, T ) to (1) if u fulfills the integral relation
ˆ
G
∂tu(t, x)ψ(t, x) dx −
ˆ
G
u(t, x)ψs(t, x) dx − ε
ˆ
G
u1(x)ψ(0, x) dx + ε
ˆ
G
u0(x)ψs(0, x) dx
+
ˆ t
0
ˆ
G
u(s, x)
(
ψss(s, x)−Lψ(s, x)
)
dxds =
ˆ t
0
ˆ
G
|u(s, x)|pψ(s, x) dxds (2)
for any ψ ∈ C∞0 ([0, T )×G) and any t ∈ (0, T ).
Theorem 1.3. Let G be a compact Lie group. Let (u0, u1) ∈ H
1
L
(G)×L2(G) be nonnegative functions such
that ˆ
G
u1(x) dx > 0.
Let p > 1 and let u ∈ C
(
[0, T ), H1
L
(G)
)
∩ C1
(
[0, T ), L2(G)
)
∩ Lploc ([0, T )×G) be an energy solution to (1)
according to Definition 1.2 with lifespan T = T (ε). Then, there exists a positive constant ε0 = ε0(u0, u1, p) >
0 such that for any ε ∈ (0, ε0] the energy solution u blows up in finite time. Moreover, the upper bound
estimate for the lifespan
T (ε) 6 Cε−
p−1
p+1 (3)
holds, where the constant C > 0 is independent of ε.
Remark 2. Let us point out that the integral sign assumption for u1 in the statement of Theorem 1.3 can
be dropped. Indeed, it is sufficient to assume that u0, u1 are not both trivial. However, if u1 = 0 and u0 is
not zero a.e., then, we have to replace the upper bound estimate (3) by
T (ε) 6 Cε−
p−1
2 .
Notations
Hereafter we use the following notations: Ldenotes the Laplace – Beltrami operator on G; Tr(A) =
∑d
j=1 ajj
and A∗ = (aji)16i,j6d denote the trace and the adjoint matrix of A = (aij)16i,j6d ∈ C
d×d, respectively;
Id ∈ C
d×d denotes the identity matrix; dx stands for the normalized Haar measure on the compact group
G; finally, when there exists a positive constant C such that f 6 Cg we write f . g.
2 Local existence in energy space
In this section, we will prove Theorem 1.1. First, we recall the notion of mild solutions to (1). By Duhamel’s
principle, the solution to the linear problem
∂2t u−Lu = F (t, x), x ∈ G, t > 0,
u(0, x) = u0(x), x ∈ G,
∂tu(0, x) = u1(x), x ∈ G
(4)
can be represented as
u(t, x) = u0(x) ∗(x) E0(t, x) + u1(x) ∗(x) E1(t, x) +
ˆ t
0
F (s, x) ∗(x) E1(t− s, x) ds,
where E0(t, x) and E1(t, x) denote, respectively, the fundamental solutions to (4) in the homogeneous case
F = 0 with initial data (u0, u1) = (δ0, 0) and (u0, u1) = (0, δ0). Let us point out that, in order to get the
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previous representation formula, we applied the invariance by time translations for the wave operator ∂2t −L
and the property L
(
v ∗(x) E1(t, ·)
)
= v ∗(x) L(E1(t, ·)) for any left – invariant differential operator L on G.
Also, u is said a mild solution to (1) on [0, T ] if u is a fixed point for the nonlinear integral operator N
defined by
N : u ∈ X(T )→ Nu(t, x)
.
= εu0(x) ∗(x) E0(t, x) + εu1(x) ∗(x) E1(t, x) +
ˆ t
0
|u(s, x)|p ∗(x) E1(t− s, x) ds
on the evolution space X(T )
.
= C
(
[0, T ], H1
L
(G)
)
∩ C1
(
[0, T ], L2(G)
)
, endowed with the norm
‖u‖X(T )
.
= sup
t∈[0,T ]
(
‖u(t, ·)‖L2(G) + ‖(−L)
1/2u(t, ·)‖L2(G) + ‖∂tu(t, ·)‖L2(G)
)
.
By employing Banach’s fixed point theorem, we will show that N admits a uniquely determined fixed
point for T = T (ε) > 0 sufficiently small. However, before considering the semilinear Cauchy problem,
we determine L2(G) – L2(G) estimates for the solution to the corresponding linear homogeneous problem
via the group Fourier transform with respect to the spatial variable. After that these estimates will have
been obtained, we could show the local well – posedness for (1) by applying a Gagliardo – Nirenberg type
inequality derived recently in [14] (cf. Lemma 2.2). The remaining part of this section is organized in
the following way: in Section 2.1 we recall the main tools from Fourier Analysis on compact Lie groups
which are necessary for our approach; hence, in Section 2.2 L2(G) – L2(G) estimates for the solution of the
corresponding homogeneous linear problem and its first order derivatives are derived; finally, in Section 2.3
it will be shown that the operator N is a contraction on X(T ) for T sufficiently small.
2.1 Group Fourier transform
Let us recall some results on Fourier Analysis on compact Lie groups. For further details on this topic we
refer to the monographs [12, 4].
A continuous unitary representation ξ : G→ Cdξ×dξ of dimension dξ is a continuous group homomorphism
from G to the group of unitary matrix U(dξ,C), that is, ξ(xy) = ξ(x)ξ(y) and ξ(x)
∗ = ξ(x)−1 for all x, y ∈ G
and the elements ξij : G→ C of the matrix representation ξ are continuous functions for all i, j ∈ {1, . . . , dξ}.
Two representations ξ, η of G are said equivalent if there exists an invertible intertwining operator A such
that Aξ(x) = η(x)A for any x ∈ G. A subspace W ⊂ Cdξ is ξ – invariant if ξ(x) ·W ⊂W for any x ∈ G. A
representation ξ is irreducible if the only ξ – invariant subspaces are the trivial ones {0},Cdξ.
The unitary dual Ĝ of the compact Lie group G consists of the equivalence class [ξ] of continuous
irreducible unitary representation ξ : G→ Cdξ×dξ .
Given f ∈ L1(G), its Fourier coefficients at [ξ] ∈ Ĝ is defined by
f̂(ξ)
.
=
ˆ
G
f(x)ξ(x)∗dx ∈ Cdξ×dξ ,
where the integral is taken with respect to the Haar measure on G.
If f ∈ L2(G), then, the Fourier series representation for f is given by
f(x) =
∑
[ξ]∈Ĝ
dξ Tr
(
ξ(x)f̂
)
,
where hereafter just one irreducible unitary matrix representation is picked in the sum for each equivalence
class [ξ] in Ĝ. Furthermore, for f ∈ L2(G) Plancherel formula takes the following form
‖f‖2L2(G) =
∑
[ξ]∈Ĝ
dξ
∥∥f̂(ξ)∥∥2
HS
, (5)
where the Hilbert – Schmidt norm of the matrix f̂(ξ) is defined as follows:
∥∥f̂(ξ)∥∥2
HS
.
= Tr
(
f̂(ξ)f̂ (ξ)∗
)
=
dξ∑
i,j=1
∣∣f̂(ξ)ij ∣∣2.
For our analysis it is very important to understand the behavior of the group Fourier transform with
respect to the Laplace – Beltrami operator L. Given [ξ] ∈ Ĝ, then, all ξij are eigenfunctions for L with the
same not positive eigenvalue −λ2ξ, namely,
−Lξij(x) = λ
2
ξ ξij(x) for any x ∈ G and for all i, j ∈ {1, . . . , dξ}.
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This means that the symbol of L is
σL(ξ) = −λ
2
ξIdξ , (6)
that is, L̂f(ξ) = σL(ξ)f̂ (ξ) = −λ
2
ξ f̂(ξ) for any [ξ] ∈ Ĝ.
Finally, through Plancherel formula for s > 0 we have
‖f‖2
H˙s
L
(G)
= ‖(−L)s/2f‖2L2(G) =
∑
[ξ]∈Ĝ
dξλ
2s
ξ
∥∥f̂(ξ)∥∥2
HS
.
2.2 L2(G) – L2(G) estimates for the solution to the linear homogeneous problem
In this section, we derive L2(G) – L2(G) estimates for the solution to the homogeneous problem associated
to (1), that is, 
∂2t u−Lu = 0, x ∈ G, t > 0,
u(0, x) = u0(x), x ∈ G,
∂tu(0, x) = u1(x), x ∈ G.
(7)
We follow the main ideas from [7, 9], so, the group Fourier transform with respect to the spatial variable x is
applied together with Plancherel identity to determine an explicit expression for the L2(G) norms of u(t, ·),
(−L)1/2u(t, ·) and ∂tu(t, ·), respectively.
Let u be a solution to (7). Let û(t, ξ) = (û(t, ξ)kℓ)16k,ℓ6dξ ∈ C
dξ×dξ , [ξ] ∈ Ĝ denote the group Fourier
transform of u with respect to the x – variable. Also, û(t, ξ) is a solution of the Cauchy problem for the
system of ODEs (with size depending on the representation ξ)
∂2t û(t, ξ)− σL(ξ)û(t, ξ) = 0, t > 0,
û(0, ξ) = û0(ξ),
∂tû(0, ξ) = û1(ξ).
By (6), it follows that the previous system is decoupled in d2ξ independent scalar ODEs, namely,
∂2t û(t, ξ)kℓ + λ
2
ξ û(t, ξ)kℓ = 0, t > 0,
û(0, ξ)kℓ = û0(ξ)kℓ,
∂tû(0, ξ)kℓ = û1(ξ)kℓ,
(8)
for any k, ℓ ∈ {1, . . . , dξ}. Straightforward computations provide to the following representation formula for
the solution to the parameter dependent ordinary linear homogeneous Cauchy problem (8)
û(t, ξ)kℓ = G0(t, ξ)û0(ξ)kℓ +G1(t, ξ)û1(ξ)kℓ, (9)
where
G0(t, ξ)
.
=
{
cos(λξt) if λ
2
ξ > 0,
1 if λ2ξ = 0,
G1(t, ξ)
.
=

sin(λξt)
λξ
if λ2ξ > 0,
t if λ2ξ = 0.
(10)
Notice that G0(t, ξ) = ∂tG1(t, ξ) for any [ξ] ∈ Ĝ. We underline explicitly that 0 is an eigenvalue for the
continuous irreducible unitary representation 1 : x ∈ G→ 1 ∈ C.
Estimate for ‖u(t)‖L2(G)
By (9) it follows
|û(t, ξ)kℓ| 6 |û0(ξ)kℓ|+ t |û1(ξ)kℓ| for any t > 0. (11)
Consequently, by using Plancherel formula twice, we get
‖u(t, ·)‖2L2(G) =
∑
[ξ]∈Ĝ
dξ
dξ∑
k,ℓ=1
|û(t, ξ)kℓ|
2 .
∑
[ξ]∈Ĝ
dξ
dξ∑
k,ℓ=1
(
|û0(ξ)kℓ|
2 + t2|û1(ξ)kℓ|
2
)
= ‖u0‖
2
L2(G) + t
2‖u1‖
2
L2(G). (12)
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Estimate for ‖(−L)1/2u(t)‖L2(G)
By Plancherel formula, we find
‖(−L)1/2u(t, ·)‖2L2(G) =
∑
[ξ]∈Ĝ
dξ‖σ(−L)1/2(ξ)û(t, ξ)‖
2
HS =
∑
[ξ]∈Ĝ
dξ
dξ∑
k,ℓ=1
λ2ξ |û(t, ξ)kℓ|
2.
Since
λξ|û(t, ξ)kℓ| 6 λξ|û0(ξ)kℓ|+ |û1(ξ)kℓ|, (13)
then, from the previous identity we have
‖(−L)1/2u(t, ·)‖2L2(G) .
∑
[ξ]∈Ĝ
dξ
dξ∑
k,ℓ=1
(
λ2ξ |û0(ξ)kℓ|
2 + |û1(ξ)kℓ|
2
)
= ‖u0‖
2
H1
L
(G) + ‖u1‖
2
L2(G),
where in the last step we applied again Plancherel formula.
Estimate for ‖∂tu(t)‖L2(G)
Elementary computations show that for any [ξ] ∈ Ĝ and any k, ℓ ∈ {1, . . . , dξ} it holds
∂tû(t, ξ)kℓ = −λ
2
ξ G1(t, ξ)û0(ξ)kℓ +G0(t, ξ)û1(ξ)kℓ,
where G0(t, ξ), G1(t, ξ) are defined in (10). Therefore,
|∂tû(t, ξ)kℓ| 6 λξ|û0(ξ)kℓ|+ |û1(ξ)kℓ|.
Since the right – hand side of the previous inequality is the same one as in (13), we get immediately
‖∂tu(t, ·)‖
2
L2(G) . ‖u0‖
2
H1
L
(G) + ‖u1‖
2
L2(G).
Summarizing, in this section we proved the following proposition.
Proposition 2.1. Let us assume (u0, u1) ∈ H
1
L
(G)×L2(G) and let u ∈ C
(
[0,∞), H1
L
(G)
)
∩C1
(
[0,∞), L2(G)
)
be the solution to the homogeneous Cauchy problem (7). Then, the following L2(G) – L2(G) estimates are
satisfied
‖u(t, ·)‖L2(G) 6 C
(
‖u0‖L2(G) + t ‖u1‖L2(G)
)
, (14)
‖(−L)1/2u(t, ·)‖L2(G) 6 C
(
‖u0‖H1
L
(G) + ‖u1‖L2(G)
)
, (15)
‖∂tu(t, ·)‖L2(G) 6 C
(
‖u0‖H1
L
(G) + ‖u1‖L2(G)
)
, (16)
for any t > 0, where C is a positive multiplicative constant.
2.3 Proof of Theorem 1.1
A fundamental tool to prove the local existence result is the following Gagliardo – Nirenberg type inequality,
whose proof can be found in [14] (see also [9, Corollary 2.3]).
Lemma 2.2. Let G be a connected unimodular Lie group with topological dimension n > 3. For any q > 2
such that q 6 2nn−2 the following Gagliardo – Nirenberg type inequality holds
‖f‖Lq(G) . ‖f‖
θ(n,q)
H1
L
(G)
‖f‖
1−θ(n,q)
L2(G) (17)
for any f ∈ H1
L
(G), where θ(n, q)
.
= n
(
1
2 −
1
q
)
.
We can now proceed with the proof of Theorem 1.1.
Let us estimate ‖Nu‖X(T ) for u ∈ X(T ). We rewrite Nu = u
ln + Ju, where
uln(t, x)
.
= εu0(x) ∗(x) E0(t, x) + εu1(x) ∗(x) E1(t, x) and Ju(t, x)
.
=
ˆ t
0
|u(s, x)|p ∗(x) E1(t− s, x) ds.
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By Proposition 2.1 we get immediately ‖uln‖X(T ) . ε (1+T )‖(u0, u1)‖H1
L
(G)×L2(G). On the other hand, due
to the invariance by time translations of (7), it results
‖∂jt (−L)
i/2Ju(t, ·)‖L2(G) .
ˆ t
0
(t− s)1−(j+i)‖u(s, ·)‖pL2p(G) ds
.
ˆ t
0
(t− s)1−(j+i)‖u(s, ·)‖
pθ(n,2p)
H1
L
(G)
‖u(s, ·)‖
p(1−θ(n,2p))
L2(G) ds . t
2−(j+i) ‖u‖pX(t) (18)
for i, j ∈ {0, 1} such that 0 6 i + j 6 1. We stress that employing (17) in the above estimate, we have to
require the condition p 6 nn−2 on p in Theorem 1.1. Similarly, combining Hölder’s inequality and (17), for
i, j ∈ {0, 1} such that 0 6 i+ j 6 1 we find
‖∂jt (−L)
i/2(Ju(t, ·)− Jv(t, ·))‖L2(G)
.
ˆ t
0
(t− s)1−(j+i)‖|u(s, ·)|p − |v(s, ·)|p‖L2(G) ds
.
ˆ t
0
(t− s)1−(j+i)‖u(s, ·)− v(s, ·)‖L2p(G)
(
‖u(s, ·)‖p−1L2p(G) + ‖v(s, ·)‖
p−1
L2p(G)
)
ds
. t2−(j+i) ‖u− v‖X(t)
(
‖u‖p−1X(t) + ‖v‖
p−1
X(t)
)
. (19)
Summarizing, we just proved
‖Nu‖X(T ) 6 Cε (1 + T )‖(u0, u1)‖H1
L
(G)×L2(G) + CT (1 + T )‖u‖
p
X(T ),
‖Nu−Nv‖X(T ) 6 CT (1 + T )‖u− v‖X(T )
(
‖u‖p−1X(T ) + ‖v‖
p−1
X(T )
)
.
Consequently, for T sufficiently small N is a contraction mapping on a certain ball around 0 in the Banach
space X(T ). Thus, Banach’s fixed point implies the existence of a uniquely determined fixed point u for N ,
which is the mild solution to (1) on [0, T ] we were looking for. This completes the proof of Theorem 1.1.
3 Proof of Theorem 1.3
In this section we are going to prove Theorem 1.3 by using a comparison argument for ordinary differential
inequality of the second order (Kato’s lemma).
Let u be a local in time energy solution to (1) according to Definition 1.2 with lifespan T and let us fix
t ∈ (0, T ). If we choose a cut – off function ψ ∈ C∞0 ([0, T )×G) such that ψ = 1 on [0, t]×G in (2), then,
ˆ
G
∂tu(t, x) dx− ε
ˆ
G
u1(x) dx =
ˆ t
0
ˆ
G
|u(s, x)|pdxds.
Introducing the time – dependent functional
U0(t)
.
=
ˆ
G
u(t, x) dx,
we can rewrite the above equality in the following way
U ′0(t)− U
′
0(0) =
ˆ t
0
ˆ
G
|u(s, x)|pdxds.
Then, U ′0 is differentiable with respect to t and
U ′′0 (t) =
ˆ
G
|u(t, x)|pdx > |U0(t)|
p,
where in the last step we applied Jensen’s inequality. We remark that
U0(0) = ε
ˆ
G
u0(x) dx > 0 and U
′
0(0) = ε
ˆ
G
u1(x) dx > 0
thanks to the assumptions on the initial data in the statement of Theorem 1.3. Then, employing Lemmas
2.1 and 2.2 in [16] (improved Kato’s lemma with upper bound estimate for the lifespan) to the functional
U0 we conclude the proof of Theorem 1.3.
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4 Final remarks
Lately, the Cauchy problem for the semilinear damped wave equation with power nonlinearity has been
studied in the framework of compact Lie groups in [9] (in this case the differential operator is the damped
wave operator ∂2t −L+ ∂t). In particular, in the compact case it has been proved for any exponent p > 1
the nonexistence of global in time solution, under certain sign assumptions for the initial data. This result
is consistent with the one [13] for the semilinar heat equation on unimodular Lie group with polynomial
volume growth. Indeed, we can read this result by saying that in the compact case the critical exponent for
the semilinear damped wave equation is the Fujita exponent in the 0 – dimensional case. Therefore, rather
than the topological dimension of the group G, it is the global dimension of G (which is 0 for a compact
Lie group) that provides the critical exponent. We refer to [2, Section II.4] for an overview on the growth
properties of a Lie group.
A similar analysis can be done for the semilinear wave equation in (1). In the flat case, the subcritical
condition 1 < p < pStr(n) is equivalent to require that the quantity γ(n, p)
.
= −(n − 1)p2 + (n + 1)p+ 2 is
strictly positive. In the 0 – dimensional case, we have γ(0, p) > 0 for any p > 1. Therefore, also for the
semilinear Cauchy problem associated to wave operator ∂2t −L, it is possible to say that the global dimension
of G determines the range for p in the blow – up result (in the sense that we have just explained).
Finally, we point out that not necessarily for all semilinear hyperbolic model on a compact Lie group
a blow – up result can be proved for any p > 1. In the forthcoming paper [10], it will be shown that the
combined presence of a damping term and of a mass term (0th order term with a positive multiplicative
constant) modifies completely the situation since the global in time existence of small data solution can be
proved in the evolution energy space without requiring any additional lower bound for p > 1.
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